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The c h a r a c t e r i s t i c s  of a quas i s t a t ionary  state of a v a r y i n g - c u r r e n t  d ischarge  are  consid-  
e r e d  when the d ischarge  cu r ren t  can be a s sumed  to be h igh-f requency re la t ive  to hydro-  
dynamic p r o c e s s e s  and constant  re la t ive  to e l ec t rodynamic  p r o c e s s e s .  It is shown that 
the quas i s ta t ionary  s tate  of such a d ischarge  is descr ibed  by the same re la t ions  as the 
equi l ibr ium state of a constant cur ren t  d i scharge ,  but with physica l  quanti t ies rep laced  by 
cor responding  effect ive values .  The discharge cons idered  s eems  as unstable as a constant 
cu r ren t  d i scharge .  

The equi l ibr ium and s tabi l i ty  theory  of h igh-cur ren t ,  pinched d i scharges  in a dense p lasma ,  developed 
in recent  yea r s  f o r t h e  c a s e w h e r e  radiat ion plays  a dominant role in the energe t i c s  balance [1-5], is ap -  
pl icable for  a quas i s ta t ionary  d i scharge .  This  impl ies  that the cha r ac t e r i s t i c  var ia t ion  t ime of the d i s -  
charge  cu r ren t  should be much longer  than the cha rac t e r i s t i c  s tabi l i ty  t ime  of hydrodynamic  equi l ibr ium,  
i .e . ,  

T [ d la I  ~-1 a 
- ( ~  C T v -  ] >> ~ (o.1) 

where I is the s t rength  of the cur ren t  d i scharge ,  T is the per iod,  a is the cha rac t e r i s t i c  size of the d i s -  
charge  channel, and v s is the i some t r i c  sound veloci ty  in the p l a sma .  

In a n u m b e r  of pape r s  [5-7] devoted to expe r imen ta l  ver i f ica t ion  of this theory ,  condition (0.1) appea r s  
not to be always sa t is f ied .  The main  such c i r cums tance  is that  condition (0.1), as a rule,  can be sa t is f ied 
only in devices  with sufficiently la rge  per iods ,  as in [8], for  example .  At the same t ime,  however ,  it is 
f i r s t ,  hard  to achieve a la rge  discharge cur ren t ,  and, secondly,  in the flow of the main  discharge phase 
var ious  instabi l i t ies  a re  developed [5, 9, 10]. There fo re  compar i son  of exper iment  and theory  [5-7] is 
p e r f o r m e d  only for  a compara t ive ly  shor t  t ime  in terval  close to the f i r s t  max imum of the discharge c u r -  
rent ,  at which the cu r ren t  channel is t ightened by the intr insic  magnet ic  field and is sufficiently s table,  
while at the same  t i m e t h e w h o l e p r o c e s s  is continuous for  s e v e r a l p e r i o d s .  On the o ther  hand, both in an 
osci l la t ing vacuum discharge  and in an a tmosphe r i c  d ischarge  with a smal l  per iod [7, 11], when inequality 
(0.1) is des t royed  the t ime  behavior  of the d ischarge  radius  can be descr ibed  by the usual  express ion ,  ob-  
tained for  a quas i s ta t ionary  discharge  in which one should only rep lace  I(t) =Ie f  , where Ief= I0 /V~is  the 
effect ive value of the cur ren t  s t rength.  As to the t ime behavior  of the discharge t e m p e r a t u r e ,  e x p e r i m e n -  
t a l l y i t  s e e m s  to be s t rongly osci l la t ing.  This  fact and a lso  the assumpt ion  [11] that  a quickly osci l la t ing 
discharge  can become m o r e  stable due to a dynamic s tabi l izat ion p roces s  r ende r s  the p rob lem of cons t ruc t -  
ing a theory  of pinched d i scharges  of a vary ing  cur ren t ,  to which the p resen t  pape r  is also devoted, quite 
t ime ly ,  

1. Statement of the P rob lem and Start ing Equations.  Following the r e m a r k s  above, we define a v a r y -  
ing -cu r ren t  d ischarge  as a d ischarge  in which the following inequali t ies a re  sat isf ied:  

Vs c~ (1.1) 
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where oJ 0 is the cur rent  vibrat ional  frequency in the external  chain, and ~0 is the conductivity of the plasma,  
whichis  a s sumed to  be complete ly  ionized. The inequalities express  the fact that the discharge cur ren t  can be 
assumed high-frequency relat ive to hydrodynamic p roces se s  and constant relative to e lec t rodynamic  p ro -  
cesses  (magnetic field diffusion in the plasma,  the absence of a scanning current) .  

To study equil ibrium and stabil i ty we use the magnetohydrodynamic model including radiation in the 
form [1-4] 

div B = O, rot B = -'7- J = s -7- [vB] 

_ _ -  = 

p - ~ - + ( v V ) v  = - - V P + - ~ - [ r o t B . B ]  

o.__~o + div pv = 0 (1.2) 
o t  

o 

p _~ (t -!-, Z) kT ~S i (t + Z) k In Tv~ 
M p = V S " p ,  _ ~ M "p .... 

v : aZ -1T  ~',, a -- 4. lO ~ 

where E and B are the e lec t r ic  and magnetic  fields, p is the p lasma density, v is the velocity, P is the 
p re s su re ,  e is the energy density, S i i s  the ideal gas entropy, and Z and M are the ionic charge  and mass .  
We neglect  viscosi ty  and e lect ronic  thermal  conductivity. Radiation is taken into account by the radiation 
cur ren t  S, determined by simultaneous solution of the sys t em (lo2) and the radiation t r a n s f e r  equations. 

We consider  the case of an optically opaque plasma where a >>/R; "here l R is the sca t te r ing  mean 
free path of light quanta, and the radiative thermal  conductivity approximation [1] is valid for  the current  
S 

S = - -  1 8 / s ~ * r 3 1 a  (p, T) VT. (1 .3 )  

We also consider  the case of an optically t ransparen t  plasma,  where a <<l R and, according to [2], 

qs = div S = TT' / ,N2Z a. (1.4) 

Here ~* is the S te fan-Bol tzmann  constant and the quantities l R and y depend on the specific light 
absorption mechanism in the plasma.  The corresponding values were given in [1, 2]. 

In this paper  we investigate the quasis ta t ionary discharge state and its stability. We define the con-  
cept of a quasiequil ibrium state,  making the following observat ions .  Due to the short  hydrodynamic time 
compared to the varying cur ren t  period in the external  chain the magnetic field can follow changes in the 
cur rent  discharge,  i.e., if I(t) =I 0 sin COot , then 

j8 ----- J~o s in  ~oot , Be = Bea sin % t .  (1 .5 )  

The energy  balance in the discharge is determined by ohmic heat separat ion and heat t r ans f e r  from 
the p lasma due to radiation 

j2 / ~ = qs (P~, T~) (1 .6 )  

Thet ime dependence of the discharge tempera ture  is also determined s imilar ly .  Thus, the discharge t e m -  
pera ture  is also s t rongly oscil lat ing.  

The hydrodynamic p lasma p res su re  and the magnetic  p ressu re  are also oscillating, so that the ve-  
loc i tya lso  osci l lates in the discharge p rocess .  However, since co o >> V s / a  , the plasma density should r e -  
main pract ical ly  constant,and, consequently, the velocity oscil lat ions are so smal l  that they can be ne-  
glected. Such a state will also be called quasis tat ionary,  and its cha rac te r i s t i c  quantities are denoted by 
the index e. 

The assumption made concerning the variat ion of hydrodynamic quantities can be verif ied even more  
r igorous ly  by a calculation. Indeed, we consider  the solution of the equations of motion and of continuity 
following from the specific time dependence of the quantities j e, Be, and Pe ,  assuming them to be as osc i l -  
lating as the cur rent .  We look for solutions of the equations in the form of a sum of t e rms  smoothly v a r y -  
Lug in t ime and of smal l  t e r m s  quickly oscil lat ing with t ime,  whose averages  in a period 2v/w 0 vanish 
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2~ 

P = P~ +: P~" Po' "~  P~' I p~'dt = 0 (1.7) 
0 

2~ 

' I v = v~ + v,,, v s " ~  v~, v jd t  = 0.. 
0 

Substituting (t.7) in the equations of motion and of continuity wri t ten in a cyl indr ical  coordinate sys tem,  
and retaining f i r s t - o r d e r  t e r m s  in p$ and uS, we obtain a sys tem of four equations, two equations for  the 
smooth t e r m s  and two for  the oscil lat ing t e r m s  

ape I o ( 0 ~  ov~ 
0t -b-7-~-r  (rp'v~)=0, Pc\ ot +v~'~ ' - r ]=0 

Ope'gt ~- "-~'-"~"r i t  0 "rpev~ ) -~- t ~__~ (rpe,Ve) -~ 0 (1.8) 

Ore'  , Ore Ov e" Ove 

av ap ape, ,/; e t 
+Pc e ~ = - - U s  ~(t)~-~ - - v s  ~(t) Or c ] e B , .  

It follows automatical ly f rom the second equation of this sys tem that v e =0, and f rom the f i rs t  that 
the equil ibr ium density Pe is constant in t ime.  The radial  distribution of Pe is  found by t ime averaging 
of the last  equation of sys tem (1.8), whence follows the equality of the average hydrodynamic and magnetic 
p r e s s u r e s  in the quasiequil ibrium state 

l a <P~)/ar + -T <].B~ = 0. 

Thus,  the quasiequil ibr ium discharge state should be descr ibed by the system of equations 

lr arO rB~. = - S -  1o = --c ~eEe,. ~ + ~ <yeBe> = 0 
;~ i O (1.9) 

- -  = qs(p,,T,) = - 7 -  ~r rS(p;,T~) 
~e 

applicable for  studying d i rec t  and inverse discharges  in both optically opaque and t ransparen t  p lasmas.  

2. Quasiequil ibr inm Discharge State. We f i rs t  consider  the quasiequil ibrium discharge state for  
an optically opaque plasma.  For  the cur ren t  S we then have express ion  (1.3), with whose inclusion the last  
equation of sys tem (1.9), the energy  balance equation, is wri t ten in the form 

I ~  ~ro ~ = z*T:2nr0 (2.1) 
~e 

where r 0 is the discharge radius .  Equation (2.1) r ep re sen t s  the equality of ohmic heat separat ion in the 
plasma bulk to blackbody radiation.  It is easy  to obtain f rom this re la t ion the t ime dependence of the plasma 
tempe ra ture  

T~ = T~0 sin':- coot :; (2.2) 

Thus,  in an optically opaque discharge,  the t empera tu re  osci l la tes  with t ime with the external  field 
frequency.  However,  its var ia t ion close to the cur ren t  maxima is significantly s lower  than that of a ha r -  
monic law. 

We turn  attention now to the fol10wing fact: the f i rs t  two equations of sys tem (1.9) can be reduced to 
the form 

lr OrO rBel = ~ ]el = --'g- a6o~.e: 

OP/ t (2.3) 
Or + --s ]~/B~: = 0 

by the substitutions 

]el le~ E Ee~ " Be~ =---~-, .=---~-, B~:= V-~ 

P.=<Po>=8,P,o--- r("/,,) po~=._~ie~o,in.:.x,x. Y~r (~v.) (2.4) 

The express ions  for  Jej, Eef, and B_f have the simple physical  meaning of effective values of va ry -  
ing cur ren t  density and varyi-ng e leotrody~amic field intensity.  
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For  a cyl indrical  discharge,  the sys tem of equations (2.37 should be supplemented by the boundary 
condition 

2Ief ( 2 . 5 7  
Be] I . . . .  - -  cro 

The sys tem of equations (2.1) and (2.37 with the boundary condition (2.57, with the requirement  of a 
bound solution at zero,  coincides fully with the sys tem of equations for a constant cur rent  [1, 3], and there 
is no need to solve it. The quasiequil ibrium discharge state of a varying current  will be descr ibed by t h e  
same relat ions as the equil ibrium discharge state of a constant current ,  but replacing physical  quantities 
by corresponding effective values.  To sum up, we obtain for  a quasiequil ibrium state with a homogeneous 
tempe ra ture  

Be, = ] / ' 4 ~ ]  (0)r / ro, Pc, = Pc/(0) (1 -- r ~ / ro e) 

9,=pe(O)(l_r~/ro2), r o ~  P,r (0)c~ (2.6) 
z~]" e ~ 

We can u s e  all o ther  relat ions obtained for an opaque discharge,  in par t icular ,  express ions  of its 
pa rame te r s  in t e r m s  of the total  cur rent  and particle number  in the discharge N n 

lef2 (2.7) 
T~t = ~lTe~ - -  2 (t  + Z) c@N n 

We dwell short ly on the quasiequil ibrium discharge in an optically t ransparen t  plasma.  Taking into 
account the express ion for the energy  flow (1.4), the time dependence of t empera tu re  is obtained in this 
case from the energy  balance equation 

Te = re0  I sin coot [.; (2.8) 

The tempera tu re  in a t ransparen t  discharge seems to oscil late,  in agreement  with the cur ren t  osc i l -  
lations. 

In the case  of a t r ansparen t  d ischarge ,  the quasiequilibriurn d ischarge  state can be de scr ibed by sys tem 
(2.37, in which the definition of effective values of e lec t romagnet ic  quantities is retained as previously  and 

Peo i 2 Pc1 -~ (Pc) = - ~ -  ] sin x [dx = "W Peo. (2.9) 

Writing the boundary conditions for a t ransparen t  discharge in the form 

rB,t t r ~  = 2/~f P~ 1 ~  = 0 (2.10) 
6 

and requir ing a finite solution at zero,  we a r r ive  at the conclusion that the solutions for the effective quan- 
ti t ies in a variable current  discharge are expressed  by the same equations as for  a constant cur rent  d is -  
charge in a t ransparen t  plasma,  but with replacing physical  quantities by thei r  effective values.  For  the 
cases  of a re tarding radiation mechanism and radiation by multiply ionized atoms,  we obtain, following 
the resul ts  of [2, 3], 

r /ro 
e ~ (o) , B~  = Vs - -W~ (o) ~ 4 ;~ 7~o~ P*/= "(I + r2[ro2) ~ 

V ----y--- ~icZ 
ro = ~ ~--g~i ' P'" = ~'tT:/~ (2.11) 

2 "V2~ge/2k~ (i + Z) "2 

Similar ly we obtain corresponding equations for opaque and t ransparent  d ischarges  with reverse  
ca r re nt. 

3. Stability of a Quasiequil ibrium State. The stability analysis  of a quasiequil ibrium state was p e r -  
formed by l inearizing the sys tem of equations (1.27 with respect  to the smal l  perturbat ions 

P + P e +  P, T + T ~ + T ,  P ~ . P ~ P ,  B-+Be + B, v 

by the normal  wave method. Due to the t ime dependence of the quasiequil ibrium quantities, the l inearized 
sys tem of equations is a sys tem of differential  equations with periodic coefficients of period T =2rr/w 0. 
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We cons ider  an opt ical ly  opaque d i scharge .  In this case  one can neglect  the effect  of v ibra t ional  
t e m p e r a t u r e  on the d ischarge  s tabi l i ty  p r o c e s s  if  the heat cur ren t  due to radia t ive  t h e r m a l  conductivity S 
is s t r onge r  than the hydrodynamic  heat cur ren t ,  which is automat ica l ly  sa t i s f ied  in a low conductivity 
p l a s m a  [1, 3]. This  impl ies  the absence of superheat ing  instabi l i ty in such a d ischarge .  Since the t ime  
of development  of  power  ins tabi l i t ies  cannot be l ess  than the hydrodynamic  t ime  ro/Vs, one should r e s t r i c t  
considera t ion to p r o c e s s e s  for  which 

V S 
r ~.-..-~o <~ co o (3.1~ 

F rom the nature  of the per iodic  force act ing on the sys t em one can, m o r e o v e r ,  conclude that smal l  
pe r tu rba t ions  around the quas iequi l ibr ium values a re  a lmos t  per iodic  ~unctions of per iod 2~r/coo, i .e. ,  
they can be expanded in a Four i e r  s e r i e s  with slowly vary ing  ampli tudes  

- -0T-  I < ' )  (a.2) 
n ~  - cQ 

Not all  slowly vary ing  ampli tudes  f n ,  however ,  ex is t  in the instabi l i ty  development  p roce s s .  In fact,  
only those f n  appear ing  in the equations of mot ion and of continuity, averaged  ove r  the cur ren t  v ibra t iona l  
per iod,  should be a s sumed  to be nonvanishing. 

Taking into account the symmet ry  of the p rob lem,  and the coordinate  and t ime  dependence o f f  n, we 
write 

Per tu rba t ions  with m = 0 ,  k z 40, co r r e spond  usual ly  to cons t r ic t ions ,  and those with m 40, k z 40 to 
kinks.  

It  follows f rom the s tabi l i ty  analys is  of an optical ly opaque constant  cur ren t  dis charge  that this d i s -  
charge  is subject  to the mos t  dangerous instabi l i ty  types  of cons t r ic t ion  and he l ica l -k ink  ins tabi l i t ies .  The 
inc remen t s  of these  instabi l i t ies  a re  independent of conductivity.  The re fo re ,  the s tabi l i ty  p rob lem of an 
opt ical ly opaque discharge  is reduced to studying the l imit ing case  ae-* 0. After  suitable calculat ions,  we 
show that the power  instabi l i t ies  of a var iab le  cu r r en t  d ischarge  are  descr ibed  by the same sys t em of 
equations as for  a constant  cu r r en t  d i scharge .  One can immedia te ly  wri te  t h e  increment  of instabi l i ty  
development  of a va r iab le  cu r ren t  d i scharge .  Fo r  fundamental  cons t r ic t ion  modes ,  we have 

= (2 ks I / ( zro < (3.4) 
r o  / 

For  long-wave hel ical  ins tabi l i t ies  the inc rement  is (kzr0) -1/2 t imes  s m a l l e r .  Here  

r (W~) 
v~t  = )r~r  (~/~) vso ~ = 8~vs0 ~ ( 3 . 5 )  

where  r (x)  is the  Gamma  function 

Externa l  modes  of long-wave cons t r ic t ions  have s m a l l e r  inc rements ,  and, m o r e o v e r ,  t he i r  inc rement  
drops  with dec reas ing  conductivity.  

Consider  now the s tabi l i ty  of an opt ical ly  t r anspa ren t  d i scharge .  The s tabi l i ty  study of an opt ical ly 
t r a n s p a r e n t  constant cu r r en t  d ischarge  shows that  toge ther  with power  instabi l i t ies  in a low conductivity 
p l a s m a  the re develops a h igh-f requency superheat ing  instabi l i ty  with an inc rement  

T ~ c~ / ~o a~ ( 3 . 6 )  

For  a fast  p roces s  the t ime var ia t ion  of the cur ren t  is meaningless ,  and it can be cons idered  con-  
stant .  The re fo re  the r e su l t s  concerning superheat ing  ins tabi l i t ies  of a constant cur ren t  d ischarge  r ema in  
val id also in the case  Of a va ry ing  cu r r en t  of f requency wo << c2/aoa 2. 

A superheat ing can be s tabi l ized with increas ing  t e m p e r a t u r e ,  since the exis tence  condition of s u p e r -  
heat ing (Vs/a << c2/aa 2) is des t royed .  The discharge  s tabi l i ty  is then de te rmined  by the evolution t imes  of 
power  ins tabi l i t ies ,  for  which co ,~Vs/a <<co 0. Such p r o c e s s e s  can be a s sumed  slow compared  to the per iod 
of a cu r r en t  in an ex te rna l  chain, and, consequently,  the method of slowly vary ing  ampli tudes ,  developed 
in cons ider ing  power  instabi l i t ies  of an opaque d ischarge ,  is applicable to them.  

The absence  of sharp  boundaries of a t r a n s p a r e n t  d ischarge  leads to the vanishing of the fundamental  
const r ic t ion modes ,  independent of conductivity.  However,  bes ides  the fundamental  modes  in a low con-  
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ductivity plasma, there exist bulk oscillations of increment 7 ~ a e  ~ 0. Calculations show that to obtain the 
increments of such oscillations it is sufficient to replace in the results of [2, 3] 

vs~._ * v~set= ]/"~ r(I/,) (3.7) i2 F (s/4) vs~ ~ us~2 

Thus, the evolution increment of the most dangerous long-wave bulk oscillations for a simple Z-pinch 
equals 

k z2r~ ~ eov~e! (3.8) 
T = 12 (n + I/2)a c~ 

We emphasize once more that a varying current discharge is subject to power instabilities of con- 

striction and kink types, and in an optically transparent plasma, also to superheating. The increments ob- 

tained for optically opaque and transparent discharges differ from the previous ones (for a constant cur- 

rent discharge) by numerical factors of order unity; therefore a varying current discharge is as unstable 

as a constant current  discharge. 

The authors are grateful to A. A. Rukhadze for his constant interest  and for discussing the results.  
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